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Density matrix
The corresponding density matrix is:
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Bloch sphere

Bijection between S* and CP!
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Pauli matrices

Density matrix of a qubit
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General 2 x 2 unitary

Rotation around z-axis
Consider the action of U = |0) (0] + €% |1) (1| = ((1) eEL,):
Ul0) =0y, U1 =e?|1).

Now if we act on %, we get:

0) +11) _0)+e¥]1) 1 (1
MG vz _\/§< >

e’

General rotation
Rotation around 7 by angle :

U(7, ) = p(7) + € p(—F).
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Counting dimensions

Density matrix

1. hermitian: pf = p,
2. unit trace: Trp =1,
3. positive semi-definite: p > 0.

Degrees of freedom for p
For an n x n density matrix there are n? — 1 degrees of freedom.

Degrees of freedom for |¢)
A pure quantum state |¢)) € C" has 2(n — 1) degrees of freedom.
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SU(n) generators

Generalized Pauli matrices
Let Pj, = |j) (k|. Define

Xjk = Prj + Pj,
Yji = Z'(ij — Pjg),

Zj= /550 (Pii+Pe+ -+ Pjj—j- Piyji),
where 1 < j <k <n. Then
(N} = { X} U{Yi} U{Z;}

is the set of generalized Pauli matrices. Note that [{\;}| = n? — 1.
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State of an n-level quantum system
General density matrix

1 —-1) _ -
p=— <I+ MF-A), e RV
n 2

Inner product

0= iz = = (14 (0= 1) 71 72) <1,
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Unit simplex

Geometry
Height H,, circumradius R, inradius 7,:

/n+1 _
Hy, = %7 Ry = 2(7&1)’

_ 1
'n = \/2n(n+1)"
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Simplex of unit vectors
Unit vectors {0y, ¥1,...,U,} in R™ form a regular simplex if

Lo r.
Ui U= (1 # 7).

Orthonormal basis in C"
An orthonormal basis B = {|11) , [1)2) , ..., |¢n)} of C" satisfy:

1
n—1

[(il) [P =0, @5 = — (i #J)-
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It is a regular simplex in  — 1 dimensional subspace of R™ 1
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MUBs

Mutually Unbiased Bases

A set of n + 1 orthonormal bases B; = {|¢),|v%), ..., i)} of
C", such that for any [¢;) € B; and |¢;) € B;

1
(Wilo))? = —, T =0 (i#7).

n
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Duality

Unbiased = Orthogonal
If |1;) and [¢;) are from different bases, then

1
\(%Wj)!z:g, Ui U =0 (i # )

Orthogonal = Unbiased
If |1;) and [¢);) are from the same basis, then

1
n—1

(@ # 5)-

(i) =0, T -0 =—
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Symmetric Informationally Complete POVM
A set of n? unit vectors |1;) € C", such that

1 L 1
B =
n+1 nZ—1

|(ilog)? =




Thank you for your attention!
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